In this work, the longitudinal wave propagation in stressed rock with variable crosssection is investigated analytically. Considered the stress-sensibility of dynamic elastic modulus and the viscosity of rock, a modified viscoelastic stress-strain relationship is established. Based on the continuity equation, motion equation and stress-strain relation equations, the wave propagation equation for a stressed rock with variable cross-section is obtained. The harmonic wave propagation is discussed in detail by calculating the attenuation coefficient in amplitude. The combined effects of static stress and geometry on the wave attenuation are analyzed. The results show that due to the variable static stress along the propagation path, the wave attenuation is space-dependent, and the distribution of attenuation coefficients may be remarkably different under different levels of static stress. The wave attenuation in a stressed rock with variable cross-section is also frequency-dependent, and the influence of static stress on the lower-frequency wave components is more obvious compared with that on the higher-frequency wave components. Comparing the wave attenuation among rocks with three different geometries, we conclude that the wave attenuation depends on actual normal static stress, the cross-sectional areas and the changing rates of cross-sectional area.
INTRODUCTION
Natural rock mass consists of rock blocks and discontinuous interfaces (e.g., joints and fractures). In some special in situ stress field, conjugate joints, namely one type of the shear joints, are conceived and sprout. Distinguished from those the rock blocks between parallel joints, the shapes of rock blocks between conjugate joints are variable. This caused the variation of areas of cross-sections perpendicular to the wave propagation path, and it is believed to have an effect on wave propagation. On the other hand, rock masses are naturally stressed by gravitational and tectonic stress. The initial stress conditions may affect the property of rock, and therefore, affect the dynamic response of and wave propagation in rock. To deeply understand the wave propagation in natural rock blocks, it is necessary to explore the combined effects of geometry and static stress on the wave propagation. However, related researches have been rarely reported.
Many efforts have been made to explore the wave propagation in rock mass, and previous works mainly focus on the wave transmission across a joint or a fracture (Ma et al., 2011; Wu et al., 2013a Wu et al., ,b, 2014 Chen et al., 2015) . Notably, in the literatures, the rock blocks are generally believed to be elastic, and only the attenuation across the rock joints are considered. However, wave energy dissipation usually occurs in the rock blocks due to the existence of microcracks, micropores and viscosity (Fan et al., 2012) . In addition, the geometry of research object is also a non-negligible factor affecting the wave propagation. Several researchers (Benveniste, 1975; Moodie and Barclay, 1975; Shorr, 1995) explored the wave propagation in rods with variable cross-section theoretically. Akkas et al. (1980) and Barez et al. (1980) carried out the wave propagation experiments in rods with variable-section for the first time, and the analytical predication of wave propagation was also presented. Dose and Skews (2014) also observed the shock wave propagation in the shock tube with decreasing areas. Fu and Scott (1994) analyzed the propagation of a simple wave and shock wave in a semiinfinite rod with a slowly varying cross-sectional area. Gan et al. (2014) investigated the frequency-dependent propagation of a P-wave in an elastic rod with a variable cross-section.
The mechanical behaviors of rocks under coupling static and dynamic loads have been systematically investigated (Li et al., 2008 (Li et al., , 2009 Gong et al., 2010; Tao et al., 2017; Weng et al., 2018) . They observed that the dynamic compressive strength, dynamic elastic modulus, failure mode and energy absorption of rocks are significantly influenced by the static stress. Notably, at a lower level of static stress, the dynamic compressive strength and deformability are strengthened, while they are degraded under a higher stress condition. In the aspect of wave propagation, considering the compressibility of filled joint, Li et al. (2010) and Fan and Sun (2015) investigated the wave energy transmission across the joint in a static stressed rock mass analytically. The wave speed is a basic wave parameter of rock, and numerous research works showed that the prestress alters the wave speed of rock due to the closure and opening of interior micropores and/or microcracks (Holt et al., 1997; Selim and Ahmed, 2006; Grana, 2016; Sahane et al., 2016) . Li and Tao (2015) investigated the effects of the initial stress and initial stress gradient on the wave propagation, and the results showed that homogenous stress affects the elastic coefficients of medium while the 1D P-wave equation is unchanged in form. Liu et al. (2012) explored the effect of stress on the phase velocity, group velocity, energy reflection and refraction coefficients of plane wave at the interface between fluid and stressed rock. Notably, the previous works mainly focus on the effect of homogeneous prestress on wave propagation in a rock. However, for a static stressed rock block with variable cross-section, the initial stresses are axial gradient. The combined effects of the static stress and variable cross-section on wave propagation have been rarely reported yet.
The present work provides a theoretical exploration of wave propagation in a static stressed rock with variable crosssection. Firstly, the 1-D longitudinal wave propagation equation considering the combined effects of the static stress and variable cross-section is established. To reflect the closure and opening of interior micropores and/or microcracks under the effect of static stress, the key point in the establishment of wave propagation equation is summarizing stress-dependent dynamic elastic modulus. The energy dissipation is reflected by the employed modified viscoelastic model. Then, the attenuation coefficients in amplitude of 1-D harmonic wave are calculated based on the established wave propagation equation. Finally, the combined effects of static stress and variable crosssection on both amplitude attenuation and its frequencydependence are discussed. Figure 1 displays the physical problem that the stress wave propagates in a stressed rod with variable cross-section. This work assumes that the static and dynamic stresses in an arbitrary section of the rod are homogenous, and the lateral deformation of the rod is neglected. In this way, the wave propagation in the rod is supposed to be a problem of 1-D longitudinal wave propagation. In classic theory of wave propagation, 1-D wave propagation equation describes the wave propagation in medium analytically. The establishment of wave propagation equation is generally based on the continuity equation, motion equation and stress-strain relation equations. The strain and particle velocity are the first derivatives of the displacement u with respect to spatial variable x and temporal variable t, respectively. According to the conditions of both single-value and continuity of the displacement, the continuity equation as Eq. 1 can be obtained.
ESTABLISHMENT AND SOLUTION OF WAVE EQUATION

Establishment of Wave Equation
where v is the particle velocity; ε is the strain; and x, t are the spatial and temporal variables, respectively. To obtain the motion equation, we choose a micro element with a width of dx from the rod shown in Figure 1 as the research object. According to the Newton's second law, the motion equation can be written as following:
where A(x) is the cross-sectional area; ρ is the mass density of medium; and σ denotes the stress. The subscripts "d" and "s" represent dynamic and static, respectively. Expanding Eq. 2 and ignoring the higher-order infinitesimal with respect to spatial variable x yields Eq. 3 as following:
where F represents the axial static force, and it is a spaceand time-independent constant. Then, the motion equation of the physical problem shown in Figure 1 can be expressed as following:
As respect to different medium, the continuity equations and motion equations are similar, while the stressstrain relation equations may be remarkably different; therefore, the wave propagation equations are also different. To describe the wave propagation correctly, it is a crucial issue to establish the proper equation of stress-strain relation describing the variation in force versus deformation. Intact rocks with natural micro defects, e.g., micropores and microcracks, behave non-linearly in mechanics (Jaeger et al., 2007) . During the process of uniaxial compression, the volume percentage of defects decreases in the initial stage of compressive deformation due to the closure of natural micropores and microcracks (Hudson and Harrison, 2005) ; subsequently, it remains nearly constant close to zero in the intermediate stage because the closure of micropores and microcracks reaches a maximum. Finally, the volume percentage of defects increases again due to the initiation and propagation of stress-induced cracks. The volume of these interior defects is sensitive to the variation in the uniaxial stress; moreover, the dynamic compressive strength and deformability of rock are determined by the compaction of defects to some extent. Naturally, for the physical problem shown in Figure 1 , the static stress can alter the dynamic elastic coefficients of rock, and then, the wave propagation in rock is remarkably different compared with that under unstressed condition.
In the present work, the stress-strain relation of rock is described using a modified viscoelastic constitutive model. As is shown in Figure 2 , the rock is assumed as a composition of the porous elastic body in parallel with the Newtonian viscous body. For the porous elastic body, the dynamic elastic modulus E(σ s ) changes with the static stress. And for the Newtonian viscous body, the viscosity coefficient η is
assumed as a constant whatever the static stress is. Then, the dynamic stress-strain relation can be expressed as Eq. 5
where ε is the dynamic strain, η denotes the viscosity coefficient, t is the time variable, and E(σ s ) is the dynamic elastic modulus related to the static stresses, when σ s = 0, it is the initial dynamic modulus E 0 .
Similarly with the expression of the elastic coefficient for damage body, to describe the variation in dynamic elastic modulus of the porous body in Figure 2 versus static stresses, the E(σ s ) is written as following:
where δ(σ s ) is an employed variation coefficient of the dynamic modulus, and its value is mainly related to the actual static stress. Within a lower stress, the internal micropores and microcracks are compressed, and the negative values of δ(σ s ) represent the strengthened dynamic elastic modulus. The initiation and propagation of stress-induced microcracks occurs once the stress level is over the elastic limitation of the rock, correspondingly, the positive values of δ(σ s ) indicate the weakened dynamic elastic modulus under higher static stresses. For a stressed rock with variable cross-section, the normal static stress is correlated with the spatial variable x, therefore, the dynamic elastic modulus also changes with x. By taking derivative with respect to x, Eq. 5 can be deformed into Eq. 7 as following:
Substituting Eqs 5 and 7 into Eq. 4 yields:
Equation 8 is the one-dimensional longitudinal wave equation of a stressed rock with variable cross-section. And we can see that if the dynamic modulus is a stress-independent constant and the viscosity coefficient η = 0, Eq. 8 will degrade into the wave equation of an elastic bar with variable cross-section.
Solution to the Wave Equation
To obtain the analytical solution of the one-dimensional longitudinal wave equation, many methods such as the separation of variables, traveling wave approach, Fourier transform method, Laplace transform method and so on have been introduced. Notably, Eq. 8 is a homogeneous partial differential equation with variable coefficients, it is difficult to obtain the accurate analytical solution to this equation, and the effective methods to solve it have been rarely reported. In this work, an attempt to consider the harmonic wave propagation in a stressed rock with variable cross-section is conducted.
The particle displacement u(x, t) is assumed as Eq. 9 as following, u(x, t) = u 0 e −αx e i(kx−ωt)
where u 0 is the initial amplitude of displacement, k denotes the wave number, ω is the angular frequency, and i is the imaginary unit. α is the variation coefficient of particle displacement amplitude. Notably, α is a comprehensive characterization of geometric and physical effect, which is different from the attenuation coefficient for a rock with constant cross-sectional areas. When the wave propagates from the end with smaller cross-section to the end with larger cross-section, the value of α is positive and it is named spatial attenuation coefficient in amplitude (SAC); otherwise, α is called spatial increase coefficient in amplitude (SIC). Substituting Eq. 9 into Eq. 8 yields:
∂A (x) ∂x . To satisfy the equilibrium of Eq. 10, the real and imaginary parts of both sides should be equal, respectively. Therefore, we can obtain two equations related to variables α and k as following:
The analytical solution of unknown variables α and k can be solved by uniting Eqs. 11a and 11b. However, the solutions of α and k are complicated in form; therefore, for convenience of description, the numerical results are straightly presented in next sections.
RESULTS AND DISCUSSION
This section presents the effects of static stress and variable cross-section on the space-and frequency-dependent variation coefficients of particle displacement amplitude in a rock. The wave propagation in rocks with exponentially increasing areas is mainly discussed, and the differences of wave propagation caused by changing form of cross-sectional areas are also considered.
In the present work, main parameters utilized in the numerical calculation include: the mass density is ρ = 2388 kg/m 3 , the initial dynamic elastic modulus is E 0 = 20 GPa, and the viscosity coefficient is η = 60 MPa s. The axial calculation length of the rock is L = 1.5 m. The radius of an arbitrary cross-section of the rock is assumed as an exponential function with respect to the spatial variable x as following,
where r(x) denotes the radius of an arbitrary cross-section along the propagation path. r 0 and r L are the radius of cross-sections at x = 0 and x = L, respectively. L is the axial calculation length of a rock. γ is a dimensionless parameter correlated with r 0 and r L , and it is employed to describe the variation magnitude of radius along the propagation path. In Gong's work (Gong et al., 2010) , axial static stresses including σ s = 0 MPa, σ s = 60 MPa, σ s = 80 MPa and σ s = 90 MPa were applied to the sandstone specimens, and it is observed that the dynamic elastic modulus of the sandstone under σ s = 60 MPa increases by approximately 56% of the modulus under σ s = 0 MPa. While the axial static stress is 80 and/or 90 MPa, the dynamic modulus decreases reversely. The dynamic elastic modulus may undergo a non-linear variation of "from increase to decrease" during the increasing in the axial static stress. In the present work, to describe this characteristic of dynamic elastic modulus quantitatively, the variation coefficient δ(σ s ) of dynamic elastic modulus is assumed as Eq. 13.
where a and b are empirical coefficients, and -b/2a means the elastic limitation of rock. In this work, a is assigned a value of 0.0018, and b is assigned a value of -0.053. σ c denotes the uniaxial compressive strength (UCS).
Effect of Static Stress on the Wave Attenuation
In blasting excavation engineering, the damage of surrounding rock is straightly related to the amplitudes of blasting waves.
To design proper blasting hole spacing and assess the safety of surrounding rock, it is a significant issue to predict the variation of wave amplitudes versus traveling distance. By fixing the angular frequency of waves to ω = 628.3 Hz and the radiuses of both end sections to r 0 = 0.025 m, r L = 0.09 m, the changing trends of SAC versus static stresses are presented in Figure 3 . Notably, the variable of horizontal axis σ s is the normal static stress at the smaller end section. Figure 3 shows that, with the increase in static stress, the SAC decreases within a lower level of static stress. When the FIGURE 3 | Variation in spatial attenuation coefficient versus static stress.
Frontiers in Earth Science | www.frontiersin.org static stresses increase to a higher level, the SAC keeps increasing. The reason for this result can be derived from the variation of dynamic modulus versus axial compression. According to Eqs 6 and 14, with the increase in uniaxial static stresses, the dynamic elastic modulus of rock tends to increase first, and then decreases. Within a lower level of uniaxial static stress, the closure of internal voids and cracks in the rock is strengthened, leading to an increase in dynamic elastic modulus. Furthermore, the elastic wave velocity is positively correlated with the dynamic elastic modulus. As a result, the wave energy dissipation decreases with the increase in static stress, which can be reflected from the attenuation of amplitudes. On the contrary, under a higher level of uniaxial static stress, the internal damage causing from initiation and propagation of new micro cracks begins to increase, and the dynamic elastic modulus of the rock gradually decreases. Correspondingly, the wave energy dissipation and amplitude attenuation start to increase.
Additionally, Figure 3 also reveals that the changing processes of SAC at different traveling distance x are also different. Under a certain normal static stress, the actual normal static stress in an arbitrary section is negatively correlated with the traveling distance. The smaller the traveling distance is, the larger the normal static stress of the cross-section is. Therefore, the variation ranges of actual static stress at different cross-sections are different, leading to the different dynamic elastic modulus at different cross-sections. Differences in actual stress result in the different changing process of SAC.
Space-Dependent Wave Attenuation
Due to the continuously changing cross-sectional areas, the actual static stresses vary along the propagation path. The influences of static stress on the wave attenuation are different at different traveling distance. To predict the amplitudes accurately along the propagation path, it is another important issue to investigate the space-dependent attenuation of wave propagation in rock with variable cross-section.
The calculated SAC at different traveling distance under different static stresses are presented in Figure 4 . As can be seen from this figure, when the rock is unstressed, the SAC is a constant along the propagation path, and the amplitude attenuation is only related to the geometry and viscosity of the rock. As the static stresses increase, the variation of SAC along the propagation path occurs. In terms of the varying magnitude of the spatial attenuation coefficient, Figure 4 shows that the smaller the traveling distance, the more the variation in spatial attenuation coefficient. Apparently, under the same σ s , the actual normal stresses in sections near the smaller end are higher than the stresses in sections near the larger end. Therefore, the dynamic elastic modulus and spatial attenuation coefficients change more obviously in sections near the smaller end.
On the other hand, as is shown in Figure 4 , under a lower uniaxial static stress, such as σ s = 2.55 and 5.09 MPa, the SAC keep increasing along with the traveling distance. However, when the static stress reaches a higher level, such as σ s = 10.19 and 17.83 MPa, the variation of SAC appears a characteristic of "from decrease to increase" along the propagation path. This result is also possibly related to the actual stress in different sections along the propagation path.
By fixing the radius of the smaller end section to r 0 = 0.025 m and changing the larger radius r L , the SAC at different traveling distance are calculated and their variations along with the static stress are shown in Figure 5 . It can be observed that the higher the value of γ, the larger the spatial attenuation coefficient. The reason for this result is that the SAC is positively correlated with the changing rate of cross-sectional area; and the higher the value of γ, the larger the changing rate of cross-sectional area. The variation characteristics in SAC along the propagation path are similar although the values of γ are remarkably different, while the variation magnitude is positively correlated with γ.
Frequency-Dependent Wave Attenuation
The blasting waves and or seismic waves are generally composed of many components with different frequencies. Frequencydependent attenuation of wave propagation is a common characteristic in viscoelastic medium. It is common that the higher the frequency of wave component, the more susceptible the attenuation is (Kjartansson, 1979; Jones, 1986; Zhou et al., 2016) . However, whether the influence of the uniaxial static stress on the attenuation of different wave components is similar or not is a rarely covered issue. Figure 6 plots the variation in spatial attenuation coefficient along with the traveling distance under different frequency conditions. Obviously, the SAC of lower-frequency wave are smaller than that of higher-frequency wave. It means that the attenuation of wave propagating in the rock rod is frequencydependent. In addition, the variation magnitude of SAC along the propagation path is correlated with the wave frequency. For instance, when the angular frequency ω is 628.3 and 1256.6 Hz, the spatial attenuation coefficients increase sharply as the traveling distance increases. However, when angular frequency ω increases to 3141.6 or 6283.2 Hz, the variation of SAC along the propagation path is trivial. 6, 7 also show that the highfrequency waves are more susceptible to attenuate compared with the low-frequency ones. Additionally, as can be seen from this figure, under a lower frequency (e.g., ω = 628.3 Hz), the variation characteristic of "from decrease to increase" in SAC is apparent. With the frequency increasing, the variation magnitude of spatial attenuation coefficient decreases sharply. When the angular frequency ω is 6283.2 Hz, the effect of uniaxial static stress on the spatial attenuation coefficient is almost trivial.
As is shown in Figure 8 , the SAC generally increases with the increase in frequency. Within a lower frequency band (ω < 5 kHz), the variation of wave attenuation is gentle; on the contrary, within a higher frequency band, the spatial attenuation coefficients increase sharply. Additionally, within a lower frequency band (ω < 5 kHz), when the rock is unstressed, the attenuation coefficient is nearly a constant. As the static stress increases, the variation as is described above gradually occurs. The effect of uniaxial static stress on the variation in spatial attenuation coefficient is more remarkable compared with that of higher frequency. And the lower the frequencies of the harmonic waves are, the more apparent the changes of spatial attenuation coefficient are.
Effect of Geometry on the Wave Attenuation
Based on the results presented above, the variation of spatial attenuation coefficient is straightly correlated with the actual normal stress. The geometry of natural rock block is various, and the variation type of cross-section is various. For the convenience of investigation, the simplification of geometry of rock block is necessary. In this work, the intact rock blocks with different geometries are abstracted as concave, straight and convex rods as shown in Figure 9 . As respect to rock with a circular cross-section, the radius of cross-section is chosen to describe the radial size of the rock, and the varying rules of radius along the propagation path decide the distribution of normal static stress. In this section, the differences of wave attenuation in concave, straight and convex rock bars are discussed in detail. As is shown in Figure 9 , three types of varying rules of radius are mainly considered in this work. For type A, the rock is a concave rod and the relation between radius and traveling distance is assumed as r(x) = r 0 exp[xln(r L /r 0 )/L]. For type B, the rock is a straight rod and the radius increases linearly with the increase in traveling distance, and the expression of radius of an arbitrary cross-section is shown in Eq. 14. As for type C, the rock is a convex rod and the relation between radius and traveling distance can be expressed as Eq. 15. From Figure 9 , it is not hard to learn that the changing rates in radius of all types of rock are different at the same travel distance.
Figure 10 provides a comparison of spatial attenuation coefficients in different types of rock bars. Apparently, the wave attenuation is related to the changing rules in the radius along the propagation path. In the area near the smaller end, the changing rate in the radius of the convex rock rod is the biggest, and the wave attenuation of the convex rock is also the most serious. On the contrary, in the area near the larger end, the SAC of the concave rock rod is higher than that of the straight and convex rock rod. As the traveling distance of harmonic wave increases, in the area near the smaller end of the convex rock rod, the variation in SAC appears a characteristic of sharp decreasing; however, the SAC decreases gently in the area near the larger end. Comparing Figures 10A-C, we can see that obvious differences in the spatial distribution of the attenuation coefficient do not occur even though the static stress increases. However, the changing rules in radius have a remarkable influence on the variation of wave attenuation versus static stress. As is presented in Figure 11 , at the same traveling distance, the SAC of the concave and straight rock undergo a changing process of "from decrease to increase"; while the variation in attenuation coefficient of convex rock appears a characteristic of "monotonically decreasing." As is shown in Figure 9 , both of the radius and cross-sectional area in the convex rock are bigger than those of the concave and straight rocks at the same traveling distance x (0 < x < L), therefore, the actual normal stresses in the convex rock are lower than that of the others at the same location. The difference of actual normal stress results in the difference of variation in wave attenuation.
Comparing the results in Figures 10, 11 , we can draw a conclusion that both of the static stress and variable crosssection have a significant effect on the wave attenuation in the rock. The spatial distribution of the attenuation coefficient is mainly decided by the changing rules in the radius of a cross-section. While the variation of the spatial attenuation coefficient is mainly affected by the actual normal stress, and the distribution of the actual normal stress is also dependent on the changing rules of the radius of a cross-section. Overall, the variable cross-section is the root cause of variation in wave attenuation.
CONCLUSION
In this work, the wave equation in a stressed rock with variable cross-section is established on the basis of a modified constitutive model of the viscoelastic body. The spatial attenuation coefficients in amplitude of harmonic waves propagating in the rock are investigated by numerical calculation.
It is concluded that the amplitude attenuation in of lowerfrequency waves decreases first within a lower static stress range; while the static stress is sufficiently large, the wave attenuation increases reversely. The variable normal static stresses along the propagation path result in the spacedependent attenuation coefficients. Additionally, the variation characteristics of space-dependent attenuation coefficient along the propagation path are different under different levels of static stress.
The wave attenuation in a stressed rock with variable crosssection is frequency-dependent. Lower-frequency harmonic waves are susceptible to be affected by static stress. When the frequency is sufficiently high, the spatial attenuation coefficients increase sharply, however, the effect of static stress on wave attenuation can be neglected.
The changing rules in the radius of cross-section also have an effect on the wave attenuation. The spatial distribution of the attenuation coefficient and its variation versus static stress are dependent on the distribution of actual normal static stress, the cross-sectional areas and the changing rates of crosssectional area.
